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Light-front picture



Forms of dynamics

Space'time foliation Light-front components
at = \%(ag + a?)

A °t « Space » A L

= 3D hypersurface

« Time »
= hypersurface label

Instant form dynamics Light-front form dynamics
Time z° xt
Space T Ty, x”
Energy pU -
Momentum 7] 7L, p+

[Dirac, RMP21 (1949) 292]
[Brodsky, Pauli, Pinsky, PR301 (1998) 299]



Instant form vs light-front form

Ordinary point of view

The farther away, the earlier



Instant form vs light-front form

Light front point of view at = 25 (t+ 2)

S

Change in synchronization protocol !

[Freese, Miller, PRD107 (2023) 7, 074036]
[Freese, Miller, PRD108 (2023) 9, 094026]



Instant form vs light-front form

Initial frame

> =




Instant form vs light-front form

Boosted frame
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Relativistic (longitudinal) Doppler effect !




Instant form vs light-front form

Infinite-momentum frame [ — 1
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Galilean/non-relativistic algebra

Galilean symmetry

[J*, J7] = i P "
[J*, B7] = ie"’" B"
[Bi? Bj} =0

Position operator

B' = -MR'

Galilean boost M’

I
<

—/

[B*, P’]
[B*, H]

—1 P’

_?;5%'3"

M

[B*, M| =[J"M]=1[J"H]=0

(R, PI] = i5%1
[Ri: RJ] =0

[J¢, R7] = ie"* R*

§+ M

[Susskind, PR165 (1968) 1535]
[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJIMPA18 (2003) 2, 173]

[C.L., EPIC78 (2018) 9, 785]



Light-front Poincare algebra

Transverse space-time symmetry

72, 71 = i 7] (B, P]] = —io7 P*
[J°, B}] = ic* B, [B",P7]=—iP{
(B ,B]]=0 (BY ,PT|=[J?,PT]|=[J%,P ]| =0

Transverse position operator

B, = —-P*R} => [R,P]]=1i6"1
(R, R} ]=0
[J3, R ] = i3 R,

oo+

Transverse boost D Pl =pL+pUL

I
iS

[Susskind, PR165 (1968) 1535]
[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJIMPA18 (2003) 2, 173]

[C.L., EPIC78 (2018) 9, 785]



Light-front densities

Normalizations (", 7l |p".7.) =
2p™ (27)? 6(p"" — pT) 6P (FL — L)
Localized states ('t FLp T, L) =
2pt 2w d(p't — pt) 6P (L - 7L
momentum space \p+ ; ﬁL)

d? o
mixed space |p+,ﬂ_> :/$6—1p¢7¢ \pﬂ]ﬁ)

Impact-parameter dependent distributions (IPDs) " =0

7 /diﬂ_ JH(@)|pt, 7)) =2pT 27 8(p'" —pT) 5(2) (7 — 7))

/d2AL _iﬂi.(jl_fl) <P+a %‘J+(O)‘P+:_Ti>
2P+

Y

Internal distribution

Drell-Yan frame

NB: /d:r:_ < AT =0 is essential to ensure
probabilistic interpretation !

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Diehl, EPIC25 (2002) 223]
[Burkardt, IJIMPA18 (2003) 2, 173]



Light-front densities

Unpolarized quark IPD L =4 T
Hy(z, €, 1)
A d¢*AL iR, R _ A
x,b1) = e ALl (2,0, —A2 $="3pr
q(x,b]) / (27)2 q( 1) At aatA- AR
Center of P* By = M*i = / do~ d%z, (2T — o T+F)
> L — 42, =, Pt — Pt
RJ_:—_|_ dx diU_J_.ﬁU_J_T (:E) L pt
P ~_ o =F

1 St = e
— P+ T_J_,ﬂpn — :U?‘L T_J_,?‘L
e n

pioncloud  quarkcore elastic limit B B
i 1 lw l (B2 )(z) = Jd%b. b7 Q(xibﬂ z=1
t Jd2byq(x,b1)
J .] asaresultof I, >0, » x, =1

x<0.1 x~0.3 x~0.8

[Burkardt, IJMPA18 (2003) 2, 173]



Light-front densities

JLab Hall A JLab CLAS HERMES
| = xg=0.36 e x5=0.25 = x;=0.09

0.2 0.4, (GeV?)
Flatint Steepint
Narrow in b Wide in b

[Guidal, Moutarde Vanderhaeghen, RPP76 (2013) 066202]



Light-front artifacts

Neutron
at rest

J3 . <0

rest

3
Jrest > 0

wn = —1.91

Magnetic dipole
moment

! e — 3 dBT
— 7 % fd _f
d| =UX [ -

Induced
electric dipole
moment

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €, © Tivp
2 z
(di)= [ d"brLby pLr(bl) = —— kN
2M N
Electric
charge
— A — A !_A_\
e, X S 1L e, X S L
= —Gn(0) — ——GE(0
2M N (0) 2MnN (0)
L Y ) L Y )
Expected from Lorentz Transverse shift
transformation of center of P*
Nucleon
at rest
P, >0
Centerof P* |
P, <0

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Phase-space picture




Position operator in QFT

Textbook claim: « R* does not exist »

In reality... it depends on what you mean or want!

Canonical Vector under Compatibility of Four-vector
.. relation rotations components transformation
Center Position operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
1 S0 g
P 3, 00 _
Energy Ry = ﬁ/d xx'T = ~ 50 @ &
Mass Ry = M RE . (X 3D
; P'RL+ MR;
. R — L BT My &
Canonical ¢ PO M @
(or spin)

Localized states

— d3p R
=" on spacelike R.|r) =7|r r)= / ———c """
=7 | = [ Grarame "

hypersurface [Pryce, PRSLA195 (1948) 62]

[Newton, Wigner, RMP21 (1949) 3, 400]
=0 [Fleming, PR137 (1965) B188]
[C.L., EPIC78 (2018) 785]




Position operator in QFT

Rnife(P;) [fm]
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EF
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[C.L., EP]C78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Spatial distributions (general formalism)

Phase-space representation

d3
wio@)lv) = | S
ucleon Wigner 5 D —iP-Z x/3  Z - d’ 57T
Ndilstribrt,ifn pu(R, P) = /dBZB P2 (R — $)u( w(r)—/(%l))ge ()
_ / d’g i@ - o2
) (2n)3 p
2
Quasi-probabilistic interpretation (1)
&R py (R, P) = [ (P)[?
/ pu(R, P)

gl
]}

)I®

) = [¥(

3P -,
[Wigner, PR40 (1932) 749]
[Carruthers, Zachariasen, PRD13 (1976) 4, 950 ]

[Hillery, O'Connell, Scully, Wigner, PR106 (1984) 121]
[Bialynicki-Birula, Gornicki, Rafelski, PRD 44 (1991) 1825]



Relativistic spatial distributions

Internal distribution ¥ =0

o A
O pld) = [ o8 -isia-ty L1 FOOIP )
R, P (27{')3 \/4(130)2 _ (AO)Q
= (0)s 5(7), F=f—-R
Elastic frames A" = P-A L0 (no energy transfer == same initial and final boost factor)
J28
= 5! A /4, 5 fﬁ
ww —> T =
p \ ‘ﬁ
o IMF

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPIC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 89]



Relativistic spatial distributions

Fundamental features

1) The notion of spatial distribution relies on simultaneity
2) Probabilistic interpretation requires factorization of P-dependence

Condition 2) is satisfied by Galilean symmetry

... but not Lorentz symmetry ! P = \/132 + M3(1+71)

Traditional perspective: maintain strict probabilistic interpretation by

* either neglecting recoil corrections
* or restricting to Galilean subgroup

Phase-space perspective: relax to quasi-probabilistic interpretation

but fully account for frame dependence !

[C.L., EPIC78 (2018) 9, 785]

[C.L., PRL125 (2020) 232002]

[Freese, Miller, PRD105 (2022) 1, 014024]
[Freese, Miller, PRD108 (2023) 3, 034008]



Relativistic spatial distributions

A P’ F(b \
Elastic frame N / (L)
\p’ Abel \
A transform
13 - P é' = AO — Pz z
- 2L f(r) r
- > b
A’ =0 = A, =0 & /dz
A
2D charge distribution | o2 (b, ; P.) = f dz (J%) g p.o (T)
B / CAL xp 081°0)ps)
(2m)® 2P° EF

Interpolates between BF and IMF
P (0150) = f dz p (F) B}

by =2, — R,
EF /7 . _ IMF 7
pi (bi;o0) =pg (b1)
[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]
[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Thomas-Wigner rotation

A Relativistic boosts do not commute ! [K', K] = —ieW* Jk

Z[R(pB?Aboost)}sBs \p, S = O')
A

Aboost (PB — P)

‘pBaSB — O'>

— PB)

4.0
Drest; 0) [Thomas, Nature 117 (1926) 514]

[Wigner, ZP124 (1948) 665]
[Wigner, RMP29 (1957) 255]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

(p',s'|7"(0)|p, ) Z D) (W, MDY (5. A) A, (plg, s517 (0)|ps, 55)
[Durand, De Celles, Marr, PR126 (1962) 1882]

— —

Confirmed by explicit evaluation of spinors A=A/|A| Q?|pr = A2
(', '7°(0)[p, )|y = 2Mn 5 { [5 cos0+ (Gys x iA 1), sin 9} Gr(Q?) Boost parameters

N 0
5 [0 sin0+ Gy x 1A L) cos0] V7GI(Q?)) g L

P T

P?=Muy(l+71)

8| TO)p, 8| o = 2My 5 {[5 [5 cos 0+ (Gos X iAL), sin 9] G (Q?)

" Wi tati
+ |:_5s’s sin 6 + (as’s X 'iAJ_)z COS 0:| \/FGM(Q2)} Igher rotation

PP+ My(1
cosf = mak L5 i)

T (0)|p, )] e = 2My (02)ars (82 % IA L) VTG (Q?) o M\I/V;Pl -
- (PO + MNn)VI+T

[Chung, Polyzou, Coester, Keister, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]

[C.L., Wang, PRD105 (2022) 9, 096032]

[Chen, C.L., PRD106 (2022) 11, 116024]



EF Charge distributions (longitudinal polarization)
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[C.L., PRL125 (2020) 232002]



EF Charge distributions (transverse polarization)
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[Kim, Kim, PRD104 (2021) 7, 074003]
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